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INTRODUCTION 

’This I s  the second q u a r t e r l y  progress r e p o r t  prepared f o r  the  

National Aeronautics and Space Administration under Contract No I 

NASW-986, 

n a t u r e ,  

gfven as appendices,  

d e t a i l e d  d e s c r i p t i o n  and summary of the work c a r r i e d  on under the  

c o n t r a c t  ~ 

The body of t h i s  r e p o r t  w i l l  be p r imar i ly  q u a l i t a t i v e  i n  

Preliminary vers ions  of de t a i l ed  t echn ica l  r e p o r t s  w i l l  be 

The f i n a l  r e p o r t  w i l l  con ta in  a complete and 

The ob jec t ive  of the r e sea rch  being c a r r i e d  out  is the development 

of methads by means of which bounded phase coordinate  c o n t r o l l e r s  for 

large f l e x i b l e  launch boos ters  can be r e a l i z e d .  The areas f o r  inves-  

t i g a t i o n  are t h e  determinat ion of the zero c o s t  sets, the  determfnat ion 

of extrema1 e o n t r o l s ,  and computational procedures f o r  f ind ing  optimal 

c o n t r o l s  

S t J”ARY OF ACCOMPLISHIvlENTS 

The two e f f o r t s  during the second q u a r t e r  under Contract No. 

NASW-986 were devoted toward continuing the development of computat3onal 

procedures for optimal zon t ro l s ,  The f i rs t  of these continued from 

the results repor ted  i n  the first qua r t e r ly  progress  r e p o r t .  

second more f u l l y  developed the approximation procedure out l ined  on 

pages 3 t o  5 of the f i rs t  q u a r t e r l y  progress r e p o r t .  

The 

Appendix C of the f i rs t  progress  r e p o r t  presented s u f f i c i e n t  

a n d  uniqueness condi t ions  for bounded phase coord ina te  con t ro l .  
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'9; -1 1L3?+ary 0 h conditions and singular control were considered during this 

~ ~ ~ p o r c l n g  p e r i o d ,  

was investigated In an attempt to provide additional information t o  

d ~ s l u t  L n  using the sufficient conditions for finding optimal contrcls. 

tkmples  demonstrate that information on the number of arcs on the 

Singular control (control while on the phase boundary 1 

:v-!,s-? br~undaries  and: distributions between phase boundaries would 

, , < < < > Y  9n i.mIng the sufficient conditions to f i n d  the optimal c o n t r o l e .  

Yingd1a c o n t r o l  investigation may provide these data, 

appeadix of t h i s  report presents the theoreticcl c?,-v: 1 :/ Y. riL 

:)J ii ~.~rnp~ix ta t lona l  algorithm for approximation (by use of 2 penuii,;r 

fini:C,im) of bounded phase coordinate control, Computer s imulc? , t . " i~~ + 

ti') c-lcL:-r?,lne i t s  workability were initiated 
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3 .  

AN APPROXIMATION TO LINEAR BOUNDD 

PHASE COORDINATE CONTROL PROBLEMS* 

E. B. Lee + 
Introduction 

In many control problems both restraints on the magnitudes of 

the control variables and various system variables may occur.  

Certain results e63 are available for the determination of optimal 

controllers for some classes of  linear and nonlinear systems 

involving such restraints. 

an3 slsfic-lent conditions for optimal control, and are 8 satisfactory 

m l u t i o n  t o  the theoretical problem, but leave much to be desired 

%rz th; way of: a practical solution, To use the necessary and 

s u f f f t h f m t  co,rlditions for synthesizing an optimal controller it is 

necesaapy t o  solve a two-point boundary value problem in terms of a 

number of free parameters and multipliers where the number of parameters 

is not even known as well as certain jump conditions [4]. A backing 

orst procedure .Fs a l so  available if one is interested in floodinq the 

fimain of controllability with responses and then keeping track 

(storing) of' the corresponding control magnitude for each such point. 

These results take the from of necessary 

'de here offer a procedure which has several advantages over the 

abave schemes, but is only an approximate solution. Its-main 

advanhge is that no discontinuities will be encountered in the 

a d j ~ i n t  soluticjn which determines the optimum controller and therefore 

the resulting two point boundary value problem may be more readily 
_ - - _ _ _ p _ o _ _ _ - p p _ D - y - - - - - - - - - ~ - - - - - -  

"Prepared meter eontract NASw-986 for the NASA. 

?Research Consultant, Honeywell, Roseville, Minnesota, Associate Professor, 
Unfvers l ty  of" Minnesota 
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A 1  

solved,  I n  f a c t ,  we o f fe r  an ou t l ine  of  a computer rou t ine  which should 

so lve  such problems. 

ness  of t h i s  technique i n  a c t u a l l y  solving such con t ro l  problems. 

2. The approximate l i n e a r  time optimal con t ro l  process  with 

bounded phase coordinates  . 
descr ibed by the  d i f f e r e n t i a l  system 

A study i s  now under way t o  determine the usefu l -  

Consider a l i n e a r  con t ro l  process  

$1 2 = A ( t ) x  + B ( t ) u ( t ) ,  

The c o e f f i c i e n t  matr ices  A ( t )  and B ( t )  are composed of known 

eontlnuous func t ions  on the  time i n t e r v a l  [t,,t,]. The c o n t r o l l e r  

- ~ ( t )  i s  t o  be chosen from a set  n : l u  j I < l ; j  = 1,2..,m s o  as t o  s t e e r  

the response, x u ( t ) ,  of 8) from an i n i t i a l  po in t  xo a t  time to t o  a 

prescribed compact t a r g e t  se t  ZCR” and i t  is  required t h a t  \ ( t )  

remain wethin a given cons t r a in t  s e t ,  A ,  dur ing  i t s  e n t i r e  response.  

Here R” i s  the n dimensional r e a l  number space.  

The problem of t i m e  optimal control  i s  t o  f ind  that  c o n t r o l l e r  

u ( t >  which s t e e r s  x,(t) from xo t o  Z C A  i n  minimum time, t ha t  is, 

min-fmizes C(u) = tl - to w i t h  xU(tl)E G and xU( t )E  A, to - < t - < tle 

Later, i n  s e c t i o n  5, we d iscuss  o the r  optimum con t ro l  cos t  func- 

t l o n a l s .  

H 

There a r e  c e r t a i n  d i f f i c u l t i e s  involved when one d i r e c t l y  solves  

for t h i s  optimum c o n t s o l l e r .  We shall t he re fo re  be content  with 

so lv ing  the  fol lowing apparent ly  s impler  problem: Find that  

controller u ( t )  w i t h  graph i n n w h i c h  s t e e r s  xu (%)  from xo a t  to 

t o  8 a t  t, with <,(t,) - < f3 and t, - t, a minimum, x:,(t) i s  def ined below. 
-L U I -  -L ” U 
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i ,  
1 

x:“( t , )  = Jt’ F ( x u ( t ) ) d t .  
il L 

0 
L 

?(t) e s s e n t i a l l y  r?,easur>es She excursJ.ons of t he  response x u ( % )  L 

t:, ;; controller u ( t )  ou t s ide  of the region 11. 

m a l l  the  response x ( t )  is  r e s t r i c t e d  t o  s t a y  c lose  t o  o r  wi th in  A. 

h e  abcve minimum t i m e  optimal conti-51 p~ D b l e m  is approximately 

sclved by f i n d i n g  a c o n t r o l l e r  which S teers  k u ( t )  = (x”,t) ,  x u ( t > >  

Sy keeping X L ( t l )  

U 

(xo,xIx E N G,  0 < x‘ < ,3’1 i n  the minimum time 
from (o,xo) t o  2 = - - 
i n t e r v a l  t l-to i f  p > 0 i s  s u f f i c i e n t l y  small. 

ti’here is  of course some ques t ion  as t o  whether suchna func t ion  F(x) 
e x i s t s  f o r  an  a r b r i t r a r y  convex s e t  A contcined i n  R We now c i t e  
~n e x m p l e  which shows tha t  t he re  a r e  such fungt ions  i n  a nwnber of 
i n t e r e s t i n g  ccses .  Suppose A = I XI,,‘, . . .x I 1x21 11. Then 

. 
p i c k  ~ ( x )  =$(x2 - 112 i f  x2 > 1 L 

= o  if 1g- < 1 
r -.. = $(x2+1>* i f  x < 11 
inus i f  only one coordinate  (Ex- a l i n e a r  Combination) i s  r e s t r i c t e d  tile 
problem i s  e a s i l y  handled as i n  the  example, where F ( x )  i s  continG0u.s and 
hcs continuous per t ia l  d e r i v a t i v e s .  
h m d l e d  as i n  the  example. 

Other A’s can be approximately 
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I :.n the iiert; s e c t i o n  we give necessary and s u f f i c i e n t  condi t ions  

F' . I 1 tnis : pp-o,,:irnztion problem and i n  sec t ion  4 we desc r ibe  a 

1 comput2tion;-3. technique for so lv ing  t h e  remaining two po in t  boundary 

j v r l u e  problen 2 s  found i n  s e c t i o n  3. 
I 

~ 3. The necesscry 2nd s u f f i c i e n t  condi t ions for the approximate 

l i n e a r  t i m e  -__I_ optfmal problems We augment the systernx by consider ing I -  , tl!e equat ion system 

obtzlned from x )  by cdding the equation f o r  ko with x o ( t o )  = 0. 

~ e :  J A ( t ) ,  E ( t )  are b s m d e d  and continuous on [to,t,-l and F (x )  
_ -  

Is 2 coTivex func t lon  w l k h  F ( x )  = 0 for x E A .  -(x) bF is assumed ax 
t o  exist and be c c n t i x c u s  everywhere, 

A 
The set  of a t t c i n e k 3 i t y  K ( t l ) < R n + l  i s  the c o l l e c t i o n  of 

A A 
end porn ts  xu ( t l )  of  Tes2omes x ( t )  = (x",t), x u ( t ) )  of 2 which 

I n i t l a w  x t  (O,xo) ~t ti:n.e to corresponding t o  a l l  measurable c o n t r o l l e r s  

u ( t )  which are such th2.t ; u j ( t ) l  < - 1 on [to,tl], f o r  j 

U 

1,2 . . . , m . ( S  uch 

controllers ere r e fe r r ed  t c  zs admissible c o n t r o l l e r s  .) 
I n  t h e  fol lowing thes-rem we e s t a b l i s h  var ious  p r o p e r t i e s  for 

A h _ -  
A ( t 1 )  and w(t,) as requi red  i n  synthes iz ing  optimal c o n t r o l l e r s .  

h A 

Theorem 1 Consider the abGve>stinitialpointint ._I~ s e t  v 

_- 

A 
R and s e t  of a t t a i n a b i l i t y  X ( t , ) .  Then: 
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i 
A4 

n+l .\t,: i s  i? nonempty compact subset  of R i n  v a r i a b l e s  
.I. 

--I_-- 

I ' (x- > :) I _-_--_-- .:: .I: c..:~~ivex lower sur face  (as  defined below) f o r  each 

I -I--- J)i-G*,f 

I 
.:\tl} is  noneinpty s i n c e  any measurable c o n t r o l l e r  u ( t ) C  fl gives  

m i  -. h A A A-ke  t o  cn end po in t  xu(tl)E K ( t l ) .  

system de> sa t i s f ies  the hypothesis  of the ex i s t ence  theorem 1 of 

K ( t l )  is compact because the 
I 

A 

r e fe rence  2. 
, 

The lower sur face  of k ( t )  i s  where e x t e r i o r  normal n+l vec to r s  ____ --- -_ - 

fi t o  k(t) a t  p o i n t s  of a k ( t )  have their  f irst  component qo < 0. 

We now show tha t  i f  x1 and x2 are poin ts  of K ( t l )  then the poin t  
fl A A 3. = Xxl -b (1-1) x2 = ( y o , y ) ,  0 < X < 1, i s  such t h a t  

- 
A h A 

- - 

where u(t) = X u l ( t )  + ( 1 - X )  u 2 ( t )  and u l ( t )  and u 2 ( t )  are such 
A A h A that x ( t l )  = x1 and xu ( t l)  = 

of K ( t l )  t h e n  follows because i n  order  f o r  i t  t o  be nonconvex i t  is  

The convexity of the lower sur face  x2 * 
A u1 2 

necessary that  there e x i s t  two p o i n t s  xl, A A  x2 on t h i s  lower boundary, 

w i th  the proper ty  t h a t  the po in t  X x1 A + ( 1 - X )  x2 A i s  below the set  
A 

K ( t , )  for some 0 < h < 1, which w i l l  then be impossible.  

With u ( t )  = X u , ( t )  + ( 1 - X )  u 2 ( t )  we  f i n d  t h a t  



I .  

. 

+ 

= X x (t,) + ( 1 - A )  x (t,) = 
u1 u2 

=. x X 4- (1 -x )  x2 = y 
I 1 

' where +(t) is the fundamental solution matrix of U? w i t h  #(to) = I. 

'de ~ l s o  ca l cu la t e  

and X xo (t,) i ( 1 - X )  xo (t,) for comparison. 

function of x if follows that for 0 < h < 1, 

Since F(x) is a convex 
u1 u2 

- - 

:'(x--(t)) =L: F(X x (t) + (1-h)X (t)) < X F(x (t)) + (1-x) F(x (t)) 
u1 u2 u1 u2 

- 

and so 
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bcv.ndary of k(tl) (written aK-(t,)). Such controllers w i l l  be 

L e t  u ( t )  ~n on t < t < tl be a controller for the convex 
0 -  - 

I c o n t r o l  process 

A 
~ 5 t h  i n i t i 2 1  point :c 

respciise x , ( t >  has an end p o i n t  x(t,)c&K-(t,), then u ( t )  is called 

en  e.utrcmzi c m t r c l  cr,d x (t) an extrema1 response on [to,tll. 

= (o,x0) zt t 
0 0' 

If the corresponding 
:\ A 

L 
A 

- - - _  - U 

h e  ;c~Jol.r,t response q ( t )  = ('qo(t), q ( t ) )  Corresponding t o  a 

cont ro l le ra  u(t> is a rcw nti vector satisfying the differential system 
.- - 

where 3: (t) is the ~ e s p o ~ s e  of g) corresponding to the controller 

u(t> 

controllers, that is, those controllers which steer t o  the lower 

U 

In the following theorem 2 we characterize the extremal 

A 
surface of K(tl) 



~L'iieo:>em - 2 -..-__---- (;onsi:c;cr tine -- convex I- control process  t 

I 

I :; = A ( t ) x  f a ( t ) u ( t )  
I 

A 
1 I VJith i n i t i a l  po in t  ;co = (O,xo) a t  time to" 

I u(t>c n on [to,tll i s  extrema1 for C? i f  and only i f  there e x i s t s  a 

An admiss ib le  c o n t r o l l e r  

nonvmishing a d j o i n t  response $ ( t )  of 

TI, = cons tan t  < 0 

alniost zlways on [to,tl'. 

-- Proof Assume t n a t  u(t) on [to,tl] i s  extremal and so steers 

x A ( t )  from (o ,x0 )  E t  to t o  XI€ A aiZ-( t l ) .  

e x i s t s  a support  plane z t o  A i < ( t l )  a t  x l 0  A ~ e t  t(tl) = ( q O , q ( t l ) )  

U 
A 

Since K ( t l )  i s  c l o s e d  with a convex lower su r face  there 

- 
t The necessary p o r t i o n  of t h i s  theorem follows from L. S. Pont ryaginfs  
ikiximwn P r i n c i p l e ( 4 ) .  
e s t a b l i s h  the necessary p a r t  a r e  presented. 

For  completeness the simple arguments t o  
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I 

Al! 

'\ . 
L e t  - ( t j  x i t h  1("1) a s  zbove be the response of the a d j o i n t  

ec~ .2 tLo r ,  correspandlfig t3 the c o n t r o l l e r  u ( t ) .  

Consider the admisei'ble c o n t r o l l e r  u ( t )  = sgn { T ( t ) B ( t ) \  

on it&!. 
.I - 

L e t  T be m i n t e r v a l  of" total length E > 0 contained i n  E 

1 .- 
.&.= -t_ ?ti 3 whereon 

d 

7 -3r e a c n  *\ P, 0 conFlCer the modified controller 

and czlculate 



2nd 

A 
d’(t)x = 4; + a i ,  where fiE r e f e r s  t o  a response of 4 A corresponding 

d t  

1 t o  t h e  modified c o n t r o l l e r  u , ( t ) .  
i 
1 I n t e g r a t i o n  f rom to t o  tl y l e l d s  

<- 

3F terms and using the assumed con t inu i ty  for F and ax 
f i n d  that 

$(tl)2;(tl) - v ( t  A >Et ( t  1 6 c  + o ( E )  for E s u f f i c i e n t l y  small  
c 1 1 1  

wnere o ( t >  corresponds t o  terms of higher: t han  f i r s t  o rde r  i n  E. 

. 
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I .  

n q ( t ) x _ ( t , f  -~;i(tj; ( t  ) > 0 con t rad ic t ing  t h e  cons t ruc t ion  of 
i a 1  

/I q(tl) c s  the outward aorrnal t o  K(tl) a t  xl. A 

Hence t h e r e  e x i s t s  no such i n t e r v a l  T~ sa 
I 

I 
v ( t ) B ( t ) u ( t )  = Kax V( t )F i ( t )u  almost everywhere on$. 

U €a? 
I 

Conversely, assure  t h a t  ud t )  and corresponding response q(t) 

are  such t h a t  

ci.e. on & with vo 7 0. 

corresponding response x--(t). 

L e t  .(t) be any c o n t r o l l e r  i n  R with 

If w e  c a l cu la t e  

I A A  A A  

I d t  d t  

drlxu dqx- 
.__. and -- a s  above, 

and tnen i n t e g r a t e  from to to t 

F(x) we f i n d  that 

using the assumed convexity of 1 



A A 
Where w = 2 i s  any poin t  of K i t l ) .  Since I q ( t l ) l  # 0, and qo < 0, - 
the zbove i n e q u a l i t y  implies  t h a t  A xu( t l )  i s  contained i n  the  lower 

b 

boundary of the compact set  K ( t l )  with convex lower boundary and hence 

u ( t )  i s  extremal .  Q E D ~  

Theorem 2 i n d i c a t e s  t ha t  t o  s t a y  a t  a lower boundary po in t  we  

must continuously steer maximally i n  t h e  d i r e c t i o n  of the vec to r  

$ ( t )  . 
Corol lary 2 . 1  

T h i s  remark i s  summarized as a coro l la ry .  
A 

L e t  u ( t )  on rtoytll be an extremal c o n t r o l l e r  f o r $ ,  
w i t h  corresponding response G u ( t )  and a d j o i n t  response A q ( t )  s o  t h a t ,  

a . e .  on ‘to,tll. 

a l s o  an  extremal c o n t r o l l e r  with G U ( ~ ) ~ b f ; ( 7 ) .  

e x t e r i o r  normal t o  2 ( T )  at ;(a). 

Proof 

Tnen on eech sub in te rva l [ to s ] ,  C [ t o , t l ] , u ( t )  i s  

Moreover G(T) i s  an 

Replace tl by ‘i i n  the proof of theorem 2 t o  ob ta in  tha t  

h A 

f o r  a l l  w(z) i n  K ( T ) .  

c o r o l l a r y  can be drawn. 

Zrom t h i s  inequa l i ty  the conclusion of the  

A 

We next  show that the  s e t  of a t t a i n a b i l i t y  K ( t l )  depends 

1’ cont inuously on the  parameter t 
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A1 2 

Define the d i s t  

GICiIn t o  be 

!nee between a point  p and a compact set 

and def ine the d i s t ance  between two conpact 

d ( G 2 , G 2 )  = hiax[T.iax d(p1,G2), PIax 
IP1 EGl P2EG2 

sets G1, G 2 C R n  t o  be 

A 

The set  K ( t 2 ) C  R n t h r i e s  continuously w i t h  t2 i f  given an  

E > 0 there e x i s t s  a 5 > 0 so that  f o r  I t2-tl/ < 6 ,  

d ( k ( t l ) ,  k ( t 2 ) ) <  E 
A A 

1s.nur.a 1: Consider the aysten 04 as  atove with a t t a i n a b l e  set K ( t l ) .  

Then: 

Proof 

some po in t  ;( t2)  of K ( t 2 )  and conversely,  That is ,  w e  need show 

tha t  g iven  E > 0 t h e r e  e x i s t s  a 6 > 0 so tha t  when Itl - t21 < 6 

there e x i s t s  ;(t,) E k ( t , )  such t h a t  I x ( t l )  - x(t2)1 < E f o r  each 

L ( t 2 )  E K ( t 2 )  and conversely.  

A 
K ( t  ) var i e s  continuously wi th  tl 1 

b /t 

We need only show that  each point  x ( t , )  of K(tl)) is  c lose  t o  
A 

A 

Let u l ( t )  be an admissible c o n t r c l l e r  on [ to , t l+ l ]  and x l ( t >  A 

the corresponding r e spome .  For  t, < t2 < tl +- 1 c a l c u l a t e  1 -  - 

" 0  0 



I and 1 L 

S O  

-“(t ) - xiit,) := F(xl(t))dt “1 2 

and 

Since A ( t )  is bounded and continuous on [ to , t l+ lJ  so is $(t) 

and t h e r e f o r e  there exists a constant  C1 so that  

and 
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1 Also s ince  B ( s )  has bounded continuous elements b i ( t )  and u l ( t )  i s  

bounded and measurable there  exj.sts the constant  C, so  t h a t  
L 

i rtl ? ( s > - l  E ( s )  u,(s>dsl < C 2 *  In t eg ra t ion  is a continuous 

cjperation, therefore ,  given an E > C there  e x i s t s  a 6 > 0 so tha t  
+ 

The o t h e r  way w e  consider  u , ( t )  = u ( t )  on [to,tl] where u ( t )  
A 

s t e e r s  t o  x ( t l )  and extend i t  t o  [to,tl+ll by l e t t i n g  

u , ( t )  = u( t , )  f o r  t ~ [ t ~ , t ~ + l ] .  The above c a l c u l a t i o n  i s  then 

repeated to f i n d  12(t2) - x ( t l ) l  n < E f o r  lt2-tll < 6 < 1 so 

K(t,) v a r i e s  continuously w i t h  tl. 

Theorem 3 Consider the system 2 as  above w i t h  i n i t i a l  data xo = (O,xo), 

compact r e s t r a i n t  s e t  52 and se t  of a t t a i n a b i l i t y  f?(t,). 
t a r g e t  s e t  G = !x0,xl 0 < xo < p, x = 

A 

Let the 

where ,9 > 0 is  a constant  
i - - 

and 2 is  a compact set of Rn. Suppose G meets the i n t e r i o r  of K ( t , )  A I 
h 

then the re  is  a 6 > 0 such that G meets K ( t )  f o r  I t  - t, I < b I 

A 

Proof Since G meets the i n t e r i o r  of K ( t l ) ,  and a b a l l  neighborhood 

N($)  of r a d i u s  r contained i n  K ( t l ) "  Consider the hyperplane xo = p0-r/2 
/ r A  a h  

and I n  t h i s  plane p ick  n+l independent p o i n t s  

7 4 

xn+,. of boundary 
A 

of the b a l l  N ( $ ) ,  a l l  equa l ly  spaced. L e t  x , ( t ) ,  A $2(t),...xn(t), 
A A 

x (t) be responses  of 8 w i t h  i n i t i a l  data Xo ( o , X o )  and n-t-1 



3wr.es20r.ding t o  controllers ul,t), u2(t),.,,u 
f i  4 4 4 Pick 1 > 8 > 0 *t~hich arc  such that x (t ) = xl, . . .X 

so siil,~ll that f o r  I t-tll < - 6 the points ?l(t),. ..~,+~(t) lie within 

" 2  This being possible spheres of radius r / l O  of the points xl.. . 
because of the previous lemma 1, 

(t) to < t < - tl + 1 n+l 

xn+l (t ) = 1 1  n+l 1 
A 

n+l 

Consider the convex combination of controllers u,(t) = X1ul(t) + 
h,+pn+1 (t)xhi - > 0, (Note luxi\ < - 1) and the h2u* (t 1 +. * * 

correspondi .g respcnses x,(t) of For each 

fl::ed t, l  t-tl) - < 6 these response end points x,(t) sweep out a surface 

selstlcxr ? which lies below the plane xo == p by convexity, above the 

plane xr = 0 because of the positive nature of F and intersect the 
l i n e  segment -,o - < xo - < po, x = p) (see proof of theorem 1). 

rr,eets ~ ( t )  f o r  It-tll < 6 < 1. 

4 with initial data (O,xo), 
A 

r Hence G 
A 

We now consider the problem of existence of' optimum controllers. 
h 

Tk..c2:-.c3rl -- 4 

R = 

Consider the sys t em8  as above with compact restraint set 
1 m  c 

121 lu'l - < 1, i = 1 , 2 . . . m - C ~  , initial point ( o , X , > E I P  at 

time to and constant conpact target set G = Ixo,xIO < xo < p,  

xeG ' .  f o r  $ > 0 ,  

- - i 
~ 

-> 
If t he re  exists an admissible controller u(t)G? 

steering x 

controller (also aimissible) steering Y ,  t o  G in minimum time 

to G on to < t < tl then there exists an optimum - - 
-._- 0 

duration t+ .- too 

Proof 

required. 
A 

K(tl) for tl - > to. 

If (O,X~)E G then t* = to and optimum control is not 

So assume (O,x$ G and consider the set of attainability 

Since there is one controller which steers 
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A 

~ 
( 0 , x  ) t o  G the set iC(tl) meets G f o r  some tl > to. Define t* 

0 

1 t o  be the greatest lower bound of a l l  times tl such tha t  k( t , )  meets 
/z 1 2 ,  By the  continuous dependence of K(tl) on tl the se t  of times 

, 
1 h 

fo,, which K ( t l )  meets G i s  a closed set i n  R , Hence t* i s  the 
I 

A 
f i rs t  time K ( t l )  meets G and the re fo re  p ick  a s  the optimum c o n t r o l l e r  

u * ( t ) ,  to - < t - <: t* a c o n t r o l l e r  which steers t o  
I 
1 

K ( t * ) f l  G o  

The next theorem a s s e r t s  t h a t  f o r  optimum con t ro l  w e  need only consider  

m i n t s  of the  lower boundary of the  s e t  of a t t a i n a b i l i t y  and the re fo re  

2y theorem 2 extremal c o n t r o l l e r s .  A su f f i c i ency  condi t ion  i s  a l s o  

' included.  
R 

'.iJeorem 5. Consider the system as  above w i t h  compact r ec t angu la r  

r e s t r a i n t  set n ,  i n i t i a l  po in t  (O,xo) a t  to and compact convex t a r g e t  
0.l s e t  G = IxE)xIO < x 0 < p; XEG; p > 0 ) .  L e t  u * ( t )  be a minimal t i m e  - - 

A 
optimal c o n t r o l l e r  s t e e r i n g  C;.(t> from xo t o  G.  

extremal ,  t ha t  is ,  there e x i s t s  a nonvanishing a d j o i n t  response 

q ( t )  = ( q o , q ( t ) )  w i t h  qo - < 0 s o  tha t  

Then u * ( t )  i s  

A 

q ( t ) B ( t ) u * ( t >  =: PIax f v ( t ) B ( t ) u }  
UCR . 

A A 

almost always on [to, t * 3  w i t h  q (t*) an outward normal of K( t* ) 

a t  k*( t*)  on &(t*) and \ ( t*) s a t i s f i e s  -'the t r a n s v e r s a l i t y  condi t ion ,  

namely, 

the set  of a t t a i n a b i l i t y  k ( t * )  which sepa ra t e s  k ( t * )  from G. 

\ ( t*) is normal t o  a supporting hyperplane n of G and 



A17 

l ;ol?eo~er  if f o r  each po in t  of ?EG there e x i s t s  a nonextremal - 
~ c o n t r o l l e r  G(t)c so  t h a t  on F < t the response x,(t) - 

i n i t i a t i n g  a t  2 = x,(t)  i s  contained i n  G than  when u ( t )  i s  an 

zdmissible extremal c o n t r o l l e r  steerirg xo t o  G by means of a response 

s a t i s f y i n g  the t r a n s v e r s a l i t y  condi t ion i t  i s  an optimum c o n t r o l l e r ,  

Proof 

G meets K(t*), 
By assumption there e x i s t s  a c o n t r o l l e r  s t e e r i n g  xo A 

t o  G so  
A 

Suppose G meets the i n t e r i o r  of K ( t * ) .  T h i s  i s  

impossible because then G meets the i n t e r i o r  of K ( t )  A for I t - t * l  < 6 , S > o ,  

meets d?(t*) so  t h a t  the optimum c o n t r o l l e r  must steer t o  aK(t*) .  A 

by theorem 3 and th i s  c o n t r a d i c t s  the opt imal i ty  of the c o n t r o l l e r .  Hence dG 
We 

must show t h a t  it s t e e r s  t o  a l o w e r  boundary po in t  t o  conclude t h a t  it 

is extremal .  

cofitact  w i t h  G a t  a lower boundary point  as can be seen by consider ing 

how the compact s e t  K ( t l )  w i t h  convex lower su r face  moves with r e spec t  

t o  t h e  set  G .  

T h i s  follows a t  once because k ( t )  always first makes 

n 

Thus if u * ( t )  i s  optimal. i t  i s  extremal and by theorem 

2 t h e r e  e x i s t s  the nonvanishing ad jo in t  response ~ ( t )  A 
so  t h a t  

condi t ion  s ince  G and where ;(t*) s a t i s f i e s  the t r a n s v e r s a l i t  le 

lower boundary of k ( t * )  a r e  convex they  can be separated by a support ing 

hyperplane Ti and w e  choose ?l(t*) t o  be normal t o  n and d i r e c t e d  i n t o  

the h a l f  space containing G.  

A 
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I When a(t) i s  a n  admissible extremal control l l  r s t e e r i n g  xo rr t o  G 

and s a t i s f y i n g  the t r a n s v e r s a l i t y  condi t ion i t  must be an optimum 

c o n t r o l l e r  if G has the  proper ty  t ha t  through each po in t  X E G  there 

passes  a nonextremal response which remains fo reve r  i n  G. This 

fol lows because once G and c ( t )  come together  the i n t e r i o r  of K ( t )  

hzs a nonempty i n t e r s e c t i o n  w i t h  G s o  tha t  the t r a n s v e r s a l i t y  condi t ion  

rzn  on!y be sat isf ied once and therefore there i s  only one time, 

nemely t*, f o r  which an extremal c o n t r o l l e r  can s teer  t o  G and s a t i s f y  

the t r a n s v e r s a l i t y  condi t ion ,  

s a t i s f y i n g  the t r a n s v e r s a l i t y  condi t ion i s  an optimum c o n t r o l l e r .  

A 

Thus any such extrema1 c o n t r o l l e r  

Q.E.D. 

Ne have the re fo re  reduced the problem of f i n d i n g  an  optimum 

c o n t r o l l e r  f o r  the  approxdmation problem t o  t ha t  of f i nd ing  a s o l u t i o n  

to the two po in t  value problem as  given by the 2n+2 equat ions 

no = 0 

A A 

with boundary condi t ions x ( t o )  = xo, ; ( t * ) E  a G w i t h  {(t*) an i n t e r i o r  

normal to G a t  k ( t * > .  
Next w e  explore  the p o s s i b i l i t y  of solvfng t h i s  two po in t  

boundary value problem by c a l c u l a t i n g  i n i t i a l  condi t ions  f o r  the a d j o i n t  

response as requi red  with a computer machine. 
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c o o r d i m t e  t i m e  optimal con t ro l  

Discussion 3f' syn thes i s  methods f o r  approximate bounded Fiase  
-..I- - 

It is assumed f o r  s i m p l i c i t y  that  the t a r g e t  se t  i s  j u s t  the 

1 o r i g i n  and hence that  G i s  j u s t  the l i n e  segment (0  < xo < @, x = 0 ) .  - - 
I The two po in t  boundary value problem then reduces t o  f i n d i n g  n ( t o )  A 

A 
I s o  t h a t  x(to) =I? (O,xo) and i(t,) c G ( t h a t  is, xo(tl) < 8 and - 
I 

X ( f )  = 0 )  with qo = 0 i f  ;."(t) < f3. 

Consider the  2n+2 system of equations 

a F u  ( x )  7 0  ax : = -7l A ( t )  - 

A A 
with x(to) = (O,xo) and ?(to) = ( C ~ ~ . . . C ~ )  with c0 < 0.  

If we ess-me 6 =z ( c o , .  . .cn) as known then  $) can be solved t o  

o b t a i n  the response pa i r  

X k C ) ,  T ( t , C ) .  

We s h a l l  seek the dependence of 6 on a parameter 0 so t h a t  
A A 

~ ( 0 )  -.e*, as 0 i nc reases ,  where c* i s  an i n i t i a l  cond i t ion  for 

:(t) which so lves  the two po in t  boundary value problem of the  

prev ious  s e c t i o n ,  

L e t  i ( t , $ , a )  = $( t ,$ ) [ i ( t , a ) -  a3 where TRef', 82 
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increasing t. u n t i l  ? ( t , $ , a )  = 0 for some 0 < a1 < p, corresponds t o  

..'arrying the hyperplane n ( t , & )  [x( t , c ) -k]=  0 along u n t i l  fi = a is a 

ps2int of i t  for some 0 < a1 < p.  We s h a l l  use t h i s  cond i t ion  as a 

s topping  cond i t ion  for the i n t e g r a t i o n  t o  be descr ibed.  To o b t a i n  

such a r o o t  t i t  i s  of course necessary that  w e  s t a r t  with a good 

i n i t i a l  guess for $ and t h a t  f(t,:,a) then moves t o  a zero  as t inc reases .  

It i s  the re fo re  assumed tha t  G(0)  i s  chosen SO thatt ? ' ( O , $ ( O ) , a )  < 0 

f e r  all 0 < al < B.  

func t ion  of t, i n  f a c t ,  i f  a condi t ion  similar to normality ( i n  the 

sense of La S a l l e  7 )  i s  introduced f ( t , c , a )  i s  s t r i c t l y  inc reas ing  

with t .  

- c 

A A A  

- - 

F. A 
We next show that f ( t , c , a )  i s  a nondecreasing - - 

A h  

Pormally w e  c a l c u l a t e  

tIt i s  t h e r e f o r e  necessary t o  consider only the case where a1 = p 
if ~ ~ ( 0 )  i s  r e s t r i c t e d  t o  be less than or equal  t o  0. 
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7he.w =\re two cases :  

which i~ a l s o  great(:- than  or equal t o  zero f o r  no  < 0 s ince  - 
F ( 0 )  = $3 and the re fo re  rF(x)  - ax aF ‘ (x)x1 < 0 f o r  ~e convex - 

f:j.nction ~ ( x )  ~ 

Thus -\-~J-?LL d h ”  2 7‘ > 0 znd i s  thus  a nondecreasing func t ion  of t. I n  
.fj - 

f E C t  li’ - ( t , e ) E ( t )  has no c o l l e c t i o n  of zeros  on [ to,t l l  then  d f  E > 0 a.e. 
A &  

~n r t o 3  til. 
a1 = F,, 

optir?i;rn t i n e .  

whc i the vec to r  - ’ ( t , c >  i s  en e x t e r i o r  normal (see corJllary) t o  

theorem 2. 

Let ‘I be the f i r s t  t > to for which f ( t , c , a )  = 0, f o r  

We note  t h a t  T = ‘I($)* Clearly T < t*, where tS’ i s  the - 
A 

T h i s  fol lows because x ( t , b )  i s  on the boundary of K ( t )  
A 

Thus T assumes i ts  maximum for c = c * *  T i s  the 

func t ion  which w e  w i l l  maximize t o  compute c*, - 
Consider co r rec t ions  t o  c by choosing the dependence of A c on CT 

through the d i f f e r e n t i a l  e q u a t - ‘  1 

aT - k -  da- dC 
d$ 

where k = cons tan t  > 0. 
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Mence T i s  inc reas ing  with b, and hopeful ly  T has no l o c a l  maxima 

or minima e 

The b i g  problem remaining i s  the  c a l c u l a t i o n  of ;3T TO c a l c u l a t e  

this grad ien t  one can compute 

where 

if x(T,c)  $A and 

Compute 

1 4 

Thus the only d i f f i c u l t  items t o  obta in  are$ , and 3 oc 
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I Yo f i n d  tnese  p a r t i a l  d e r i v a t i v e s  probably the best and most 
4 4 n  

strzight forward method i s  to c a l c u l a t e  ( - f i ( t , c ) ,  x ( t , c ) )  and then 
4 4  4 0  1 ~ * : / . ( t , c  -t 4 $ > j  T ( t , c  + , , a ) ) ,  i = o ,.., 2,. . .n9 where b i 6  i s  a 

1 small  change i n  the i t h  component of c ,  4 The var ious  p a r t i a l  d e r i v a t i v e s  - 
l Ere then approximately known. 

Thls scheme i s  now under s tudy on a computer machine and the 

r e s u t s  w i l l .  be published elsewhere. 

5) 

with i n t e g r a l  c o s t  

aemarks on the approximate bounded phase coord ina te  problems 

A s  before  consider  the l i n e a r  cont ro l  process  

$) = A ( t ) x  + B ( t ) u ( t )  

s a t i s f y i n g  the condi t ions  stated a t  the beginning of s e c t i o n  2.  

2 GOSt f u n c t i o n a l  of con t ro l  consider  

C(u) = g ( x ( t > )  + [ 

As 

t 
{ f o ( x , t )  +- h O ( u , t ) l  d t  
c. 

where t 

ho ( u , t )  a r e  continuously d i f f e r e n t i a b l e  and fo ( x , t )  i s  a convex func t ion  

of x for each t. 

= f ixed  t i m e  > to and the r e a l  func t ions  f o ( x , t )  and 1 

The problem of optimal con t ro l  i s  t o  p i ck  an admiss ib le  c o n t r o l l e r  

u ( t )  on r t o , T ]  so  t h a t  the response x,(t) of 2 moves from xo t o  a 

target set  Z c R n  a t  t l j  ( cmay  be the whole space) and minimizes C(u) 

with the e n t i r e  response x,(t> contained i s  the closed convex r e s t r a i n t  

set  i'i. 
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?'he approximation problem i s  obtained by adding F(x)  t o  the 

i.n.tegrand of the  c o s t  func t iona l  C(u) t o  o b t a i n  a new c o s t  func t iona l  
I 

I 
f . 2  b z f w c  we In+,rocluce the convex d i f f e r e n t i a b l e  func t ion  F ( x )  

, s:-:.tZsfyfng the condi t ions  

~ ' ( x )  > o i f  x #fL 

= O  I f x E A  
I 

I here X > - 0. 

conty ibut ion  from the t e r m  h F(x) can be small only i f  the response 

stzgs near 

c o n t r o l l e r  u ( t )  which minimizes C(u) and s t e e r s  t o  & Rn. 

Jf X i s  s u f f i c i e n t l y  l a rge  then one would expect that  the  

or within i t .  The approximation problem is  t o  f i n d  that  

- .  shall assurne t h a t  h o ( u , t )  i s  convex i n  u f o r  each t o r  t h a t  

t h e  c o n t r o l l e r  i s  bounded and h i s  a p o s i t i v e  func t ion  of u for each 

t. i n  e i t h e r  case the previous theory can be appl ied a f t e r  s l i g h t  

modi f icz t ion  by not ing  that f o ( x g t )  = f " ( x , t )  + X F(x)  is  a convex 

f u n c t i o n  of x f o r  each t s ince  both f o  and F were convex func t ions  and 

by riztir,g the  con t r ibu t ion  t o  xo ( T )  made by the terms ho ( u , t ) .  

i s ,  the problem has now been c a s t  a s  one which i s  covered by the 

s u f f i c i e n c y  r e s u l t s  of re fe rence  5 which a r e  a l s o  necessary [ re ference  41 

and can be obtained as a slight modification of the r e s u l t s  of s e c t i o n  3. 

That 

= 1 I" to i f " ( x x t )  i $- h o ( u , t ) } d t ,  
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